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INTRODUCTION 
The main purpose of this paper is to show by elementary and direct 
arguments certain known results related to the existence of finite invariant 
measures and some properties of ergodic measure preserving trans- 
formations. For definitions and notations used in this paper we refer 
the reader to the following section. 
In discussing the problem of invariant measures, Hajian and 
Kakutani [1] made use of an interesting result concerning the limit 
superior and limit inferior of the Cesaro sums of m(cfi"A) where ~ is a 
measurable non-singular transformation defined on a finite measure 
space (X, :~, m) (see Lemma 3 in [1]). They showed then that most of the 
necessary and sufficient conditions for the existence of a finite invariant 
measure /z equivalent with m imply the stronger Condition (0)* which 
states that the sequence of measures mn(A)= m(d/'A) is uniformly 
absolutely continuous with respect o the measure m. Up to that point 
the methods used were direct and elementary in nature. In order to 
obtain the invariant measure however, the notion of Banach Limits was 
employed. Lemma 3 and Lemma 5 of this paper are direct generalizations 
of Lemma 3 of [1]. Applying Lemma 5 to the case of a measurable 
non-singular transformation ~ which is ergodic we obtain the invariant 
measure directly. Namely, we show in Theorem 2 that Condition (0)* 
implies the Cesaro sums of m(~nA) converge for every measurable set A 
and the limit is in fact the desired finite invariant measure /z equivalent 
with m. This eliminates the use of the notion of Banach limits. 
Hopf [2] introduced Condition (H) as a necessary and sufficient 
condition for the existence of a finite invariant measure # equivalent 
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with m. Another necessary and sufficient condition was introduced by 
Hajian and Kakutani [1] for the same problem--namely, the non- 
existence of weakly wandering sets of positive measure (see Condition (V) 
below). Combining both results one can conclude that Conditions (H) 
and (V), both being necessary and sufficient conditions for the existence 
of a finite invariant measure /x equivalent with m, imply each other. 
It has been suggested whether there exists a direct way of proving the 
equivalence of Condition (H) and Condition (V). Lemma 3 of this paper 
gives the key step in proving that Conditions (H) and (V) imply each other 
directly (see Theorem 1). 
We next use our methods (see Theorem 3) to prove by elementary and 
direct manner some consequences of the pointwise ergodic theorem. 
This approach as the feature that results concerning the intersection of a 
set by the images of another set are proved in a direct way without 
employing the pointwise rgodic theorem. 
BASIC DEFINITIONS AND NOTATIONS 
We denote by (X, ~,  m) a measure space where N = {A} is a e-field 
of subsets of an abstract set X = {x}, and m is a countably additive 
or-finite measure defined on the measurable space (X, M). We shall be 
concerned with a 1-1 transformation q~ of X onto itself. We shall say ~ is 
measurable if A e N ~ ~A ~ M; ~ is measure preserving if
m(A) =- m(dpA) = m(dp-lA) 
for every A ~ ~, $ is non-singular if 
m(A) = 0 ~ m(r  = O, 
and is ergodic if q~A = A implies 
re(A)---= 0 or m(X- -  A) = O. 
Two measures m and /~ defined on the same measurable space (X, ~)  
are said to be equivalent if m(A) ---- 0 -~ I~(A) = 0; /z is said to be 
absolutely continuous with respect to m if given E > 0 there exists a 3 > 0 
such that m(A)< ~ implies /x(A)< E. More generally, a sequence of 
measures {m, : n ~ l, 2,..} is said to be uniformly absolutely continuous 
with respect to the measure m if given E > 0 there exists a ~ > 0 such that 
m(A) < 3 implies m,~(A) < E for all n ~ 1, 2 ..... In the sequel all subsets 
of X which are mentioned are assumed to be measurable, i.e., are members 
of the or-field M. 
n . . 
We shall use the notation A =- 1,)~=1 Ai(dxsj) to mean A is the union 
CESARO SUMS AND MEASURABLE TRANSFORMATIONS 241 
of the mutually disjoint sets A~, i = 1, 2 ..... n, i.e., A~ n Aj = 0 for 
i :~ j, i, j = 1, 2 ..... n, and similarly A = Ui~l Ai(disj) to mean A is the 
union of the mutually disjoint sets A~ for i = 1, 2,.... Two sets A and B 
are said to be fnitely equivalent, and we use the notation A ~ B, if 
n 
A ~ Ui=~ A~(disj), B [.)i=~ Bi(disj), and qS'~Ai = B~ for i = 1, 2,..., n. 
Two sets A and B are said to be countably equivalent, and we use the 
oo . , or> , . 
notation A ~-~ B, if A ~ U~=~ A~(dlsj), B = Ui=~ B~(dlsj), and ~'~A~ =- B~ 
for i = 1, 2,.... We note that ~ and ~-~ are equivalence relations in M; 
in particular, A equivalent with B and B equivalent with C imply A and C 
are equivalent with each other. A set A is said to be weakly wandering 
if there exists a sequence of integers {n~:i = 1,2,...) such that 
~n,A n ~",A -- 0 for i ~- j. 
We also employ the following notations: We let 
n- -1  
crn(A) -- (l/n) ~' m(~iA), 
i=0  
i (A) -- lim inf,, ,~ an(A), and 5(A) = lira sup~,~ an(A). We note the 
following properties of i and 5: both i and 6 are real-valued non-negative 
set functions defined on ~ such that ! and 6 are monotone, i.e., A C B 
implies if(A) ~ if(B) and 5(A) ~ 6(B); i is superadditive, i.e., 
ff(A w B) ~g(A)  + if(B) 
for A n B = 0; 5 is subadditive, i.e., 
~(A w B) ~< O(A) + ~(B) 
for any sets A, B ~ M; and for A n B ~ 0 we have 
i(A u B) ~< i(A) + ,~(B) <~ ,~(A w B). 
REMARK. In case q~ is a measurable non-singular transformation 
defined on a c~-finite measure space (X, N, m') we can always find a 
measure m with m(X)= 1 and equivalent with m'; namely, by the 
e-finiteness of  m' we can choose a sequence of measurable sets {Ai} with 
co 
0 < m'(Ai) < o~ for i = 1, 2,... and X = Ui=l Ai(disj). Now let 
ITI'(B nAi)  
m(B) = Z 
i=1 2im'(Ai) 
for every B eM.  
In [2] Hopf  introduced the following condition: 
(H) m(A) >0,  B C A, A ,~ B implies m(A -- B) = O, 
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and he showed that, for a measurable non-singular transformation 
defined on a finite measure space (X, ~ ,  m), Condition (H) is a necessary 
and sufficient condition for the existence of a finite invariant measure/z 
equivalent with m. In [1] Hajian and Kakutani introduced the following 
condition: 
(V) re(A) > 0 implies A is not weakly wandering, 
and they showed by elementary arguments that Condition (V) together 
with a number of other conditions is equivalent to the condition: 
(0)* the sequence of measures mn defined by mn(A) = m(~nA) 
n = 1, 2 .... for every set A E ~ is uniformly absolutely 
continuous with respect o the measure m. 
In what follows we make use of a lemma proved in [1]. We state it here 
without proof. See Lemma 4 of [1]. 
LEMMA 1. Let ~ be a measurable non-singular transformation defined 
on the finite measure space (X, ~ ,  m). Suppose there exists a set A o f  
positive measure such that 
lira inf m(qbnA) = O. 
n~oo 
Then for  any ~ ~ 0 with E < m(A) there exists a set A'  C A with m(A') < E 
and W = A -- A' is weakly wandering. 
MEASURABLE TRANSFORMATIONS AND INVARIANT MEASURES 
LEMMA 2. Let ~ be a measurable non-singular transformation defined 
on the finite measure space (X, ~ ,  m) with m(X)  = 1. Let A ~ B, then, 
for  a sequence of  integers n~ ~ oo, limk-~ ~(A)  exists i f  and only if 
limk-~oo cr,k(B) exists, and both limits are equal. 
8 8 
PROOF: A ~ B means A = Ui=I Ai(disj), B = L)i=l Bi(disj), and 
~Ai  -~ Bi for i = 1, 2 ..... s. We then have 
1%(A)  - -  %(B) I  = I%(A~ u -.. u A~) - -  %(~1 u -.- w ~) J  
~< ~ I%(AO -- %(BOI 
i=1 
i=1 
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Each term in the last expression tends to 0 as k ~ 0o since, ifp~ > 0, 
I .~+v,-1 m(r 
1 ~Oi--1 m(r + Z 
I%(A3 - ~.~(r = n-~ j=~o 
j=n~ 
~ 2P__z, 
rile 
and, ifp~ < O, 
,,-1 m(q~JAi) 1 m(q~JAi) + 
2 IP~[ 
nk  
This completes the proof  of  the lemma. 
LEMMA 3. Let r be a measurable non-singular transformation defined 
on the finite measure space (X, ~,  m) with re(X) - 1. Then A ~ B implies 
~_(A) = g(B) and 5(.4) = 5(B); moreover, C1 ~ C2 ~ "'" ~ CN, 
Ci n Cj = 0 for i ~r j, i, j = 1, 2 ..... N, implies 
_~ = _,r( c 3 
i=1  
and 
= ~(C3. 
i=1  
PROOF: Let g(A)= l imk~a. , (A )  for some sequence 
nk ~ ~.  Then by Lemma 2 
of integers 
g(A) = lira a,~k(A ) = lim c~.~(B) ~ g(B). 
k---~ o~ k ~oo 
Replacing A and B in the above expression we obtain g(A)= g(B). 
A similar argument gives 6(.4) ~- 5(B). 
We note that the above argument implies that if _~(A) = limk-~ cr,~(A) 
for some sequence of integers nk --+ o% then _~(B) ~ lim~-,~ cr,~(B) for 
the same sequence {nk} whenever A ~ B, and similarly for 5. 
To show the last part of the lemma we choose a sequence of  integers 
nk --~ oo such that y(Ca) = limk-~ ~nk(C1), then we have 
2 f(Ci) = im ani(G) = lim C • ~r C (I) 
i= l  i= l  ~ k~ O'nk - " 
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Also since C~ n C~ = 0 for i =7(= j, i, j = 1, 2 ..... N, we have 
(i 1 i) _~(C) ~< ~ C . (2) 
Combining (1) and (2) we obtain 
g C = 
A similar argument gives 
N 
Z _~(co. 
i~ l  
C~ = a(C~), 
i=1  
and this completes the proof  of the lemma. 
LEMMA 4. Let d? be a measurable non-singular transformation defined 
on the finite measure space (X, ~ ,  m) with m(X)= 1. I f  Condition (H) 
is not satisfied, then there exists a sequence of  sets {Dn :n  = 1, 2,...} 
such that re(DO > O, Di c~ D~ ~- O for i :/: j , and Di ~ D j for  i, j = t, 2 ..... 
PROOF: Assume Condition (H) is not satisfied; then there exist a 
oo . . 
set A and a set B C A with m(A -- B) > 0 such that A = [,J~=l A~(dlsj), 
B = 1,)~=1 B~(disj), and r = Bi for i = 1, 2 ..... We let (;'1 = A -- B 
and note C a C A implies that there exists a set C2 C A --  Ca = B such 
that C a ~ C2, namely, 
C2 = 0 r n C0(disj), (3) 
i= l  
and note that 
Ca = 0 (Ai ('~ CO(disj). (4) 
i=1  
Equations (3) and (4) imply Ca ~-~ C2 9 Furthermore, using (3) we have 
c2 = 0 r c,) c 0 r  = e = a - ca. 
i=1  i=1 
We next choose Cn for n-----3, 4,... inductively as follows: suppose 
C1, C2 ..... C~_1 have been chosen with the property that Ck C A --  [,.)j~-~ Cj, 
ck = 0 r c~ Q-O, (5) 
i=1  
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and Ck ~ Ck-1 for k = 2, 3,..., n - -  1. It then follows that there exists 
n--1 
a set C,~ C A - -  ~)~=1 Ck such that C,~ ~ C,~_a, namely, 
and note that 
C~ = 0 r162 n C~_l)(disj), (6) 
.% 
Cn_~ ~ (J (Ai n C,,_l)(disj). (7) 
i= l  
Equations (6) and (7) imply Cn ~ C,~-1 9 Furthermore,  using (6), the fact 
that C,_1 C A - -  U~=I C~, and (5) we have 
n--2 
Cn = 0 r ~ai(Ai ('~ Cq~-l)  C 0 r Ai --  Ai  {'~ 0 Ck) 
i=l i=l k=l 
n--2 ~ n--2 
= - -  U U n = B - -  U c , .1  
i= l  k=l  i=1 k=l  
n--1 
=A- -  {,J Ck 9 
k=l  
In this way we obtain a sequence of  sets {Cn : n = 1, 2,..} such that 
Ci n C~ = 0 for i =7(= j , Ci ~ C~. for i, j = 1, 2 ..... and m(ca) > 0. 
We now 'let 9 >0 such that m(Ca) - -e  >0.  Ca~-~CT~ for each 
at) , . 
k = 2, 3 .... means Ca = Ui=l Ei.k(disj), Ck = Ui=l Fi.k(&sJ), and 
Cm.~Ei.k = F~.~ for i = 1, 2 ..... m(X)  = 1 implies that for every k = 2, 3 .... 
there exists a positive integer Ark such that 
m Ei. < e/2 k-i. 
i 
oo oo 
We let D1 = Ca - -  I,)k=~ [,)i=~ k Ei.k,  and then have 
m(D1) ) m(C 0 -- m Ei, k 
k=2 i /r 
>/m(ca)  - -  ~ 9 k- '  
= m(ca) - -  9 >0.  
We next define for k = 2, 3 .... 
Nk--1 
D~ = U r N DI). (8) 
i=1 
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Equation (8) and the fact that 
Nk--1 
D1 = U (E,.~ c~ 31) 
i=1  
imply D1 ~ Dk for k = 2, 3 ... . .  Furthermore, (8) implies D~C Ck 
for k = 2, 3,..., and therefore, D~ c3 Dj ~ 0 for i if: j , i, j ---- 1, 2 ..... 
This completes the proof  of the lemma. 
THEOREM 1. Let ~b be a measurable non-singular transformation defined 
on the finite measure space (X, ~,  m) with m(X) = 1. Then, Condition (H) 
and Condition (V) are equivalent. 
PROOF: Assume Condit ion (V) is not satisfied, then there exists a set W 
with m(W) > 0 such that ~n~ W c~ ~n~ W ~ 0, i ~ j for some sequence of 
~ ~ d '  ' ~ oo integers {ni : i 1, 2,..}. We let A 1.)i=1 A~(msj) and B 1.)~=1 Bi(disj) 
where A i = ~n 'W and Bi = ~"'+IW. We then have ~ni+l-niA i = Bi and 
m(~'~lW) > 0, which implies A ~ B, B C A, and m(A - -  B) > 0. This 
proves Condition (H) implies Condition (V). 
Now assume Condit ion (H) is not satisfied; then by Lemma 4 there 
exists a sequence of sets {Dn :n = 1, 2,...} such that m(D 0 > O, 
Di ~ D~ = 0 for i 7:= j, and Di ~ D~ for i, j - -  1, 2 ..... Using Lemma 3 
we obtain for any positive integer n 
5(D1 V "" V Dn) ~- ~ 5(Di) = nS(DO. (9) 
i=1  
Since m(X) = 1 implies 5(X) = 1 we have f rom (9) 
1 1 6(DlW "'wDn) ~n 5(Da) = n - "  
Since the above expression is true for any positive integer n we conclude 
5(D1) = 0. It is clear that 5(D1) = 0 implies that 
l im inf m(r  = 0; 
we also have m(D1)> 0. We now apply Lemma 1 and conclude that 
there exists a weakly wandering set of positive measure, and this completes 
the proof  of the theorem. 
LEMMA 5. Let qb be a measurable non-singular transformation defined 
on the finite measure space (X, ~,  m) with re(X) = 1. Suppose q~ satisfies 
Condition (0)*, then A ,~ B implies g (A)~ g(B) and 5(A)= 5(B); 
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moreover, (21"~ C2 . . . .  "~ CN where Ci n Cj = 0 for  i s/= j, 
i, j = 1, 2 ..... N implies 
( 1i) g C = g(C~) and 6 C = 5(C0. i=1 i=1 
ao 
PROOF: A ~B means A = Ui=lAi(disj),  B = L)i=xBi(disj), and 
~n'A~ = Be for i = 1, 2 ..... Since ~b satisfies Condi t ion (0)*, given E > 0 
there exists a 3 > 0 such that m(E)< 3 implies m(c~"E)< E for all 
n = 1, 2,..., which implies 
m(E) < 3 ~ g(E) ~< 6(E) ~- l im sup 1_"-1 . -~  n Z m((~iE) < ~" (10) 
i=0  
Next for any E > 0 choose a ~ > 0 such that (10) is satisfied. Since 
m(X) < ~,  there exists a positive integer n such that 
Let 
m A < 3 and m B < 3. 
\ i=n+l  / \ i=n+l  / 
A' -  0 A, and B'= G B, ; (11) 
i=1 i=1 
then we have A'  ~ B'. Using Lemma 3 we obtain 
_~(A) ~< _~(A') + ~ A <~ g(B') + E ~< _,,(B) + E. 
g 1 
Since the above is true for every E > 0 we conclude g(A)~< g(B). 
Interchanging the roles of A and B we conclude g(A) = g(B). Using a 
similar argument as above and the fact that 
~(A) ~< ~(A') + ~ A , 
g 1 
we conclude 8(A) ~ 5(B). 
To prove the second part of  the lemma we assume N = 2 and let 
(71 ---- A and C2 = B. Let e > 0 be arbitrary and define A' and B' as 
in (1 1). Then 
g(.4) + _~(B) ~< _~(A u B) ~< _~(A' u B') + ~ A + ~ B 
i 1 i 1 
~_(A') + ~(B') + 2~ 
~_(A) + g(B) + 2~. 
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Since e ~ 0 is arbitrary we conclude 
_cr(A u B) = g(A) + if(B). 
Similarly, using the properties of (r and Lemma 3 we have 
6(A) + 5(B) ~ 5(A w B) ~ 5(A' L9 B') = 5(A') + ~(B') 
>~ ~(A)  - -  ~ A + ~(B) --  ~ U B 
i-- 1 \ i=n+l  / 
6(A) + e(B) -- 2,, 
and again since r > 0 is arbitrary we conclude 
5(,4 t,.) B) = 5(a) + 5(B). 
For any integer N > 2 the proof is similar as for the case N = 2 and gives 
no further difficulties. This completes the proof of the lemma. 
LEMMA 6. Let q~ be a measurable non-singular transformation defined 
on the (r-finite measure space (X, ~ ,  m). Assume ~ is ergodic and let A 
and B be two sets of positive measure such that A n B = O. Then, either 
A ~-~ B' where B' C B or B ,-~ A' where A' C A. 
PROOF: We first observe that from the ergodicity of 6 it follows 
that for any pair of sets C and D of positive measure there exists an 
integer n > 0 such that m(qSnC c~ D) > 0. Now, for A and B of positive 
measure with A n B = 0, let Ax = 4)~1B n A where Pl is the smallest 
positive integer such that m(~,B  n A) > O, and let B1 = 4~-~A1. We 
next put A0 = Bo = 0 and assume that the sets A1, A2 ..... A~ and 
B1, Bz ..... Bk have been chosen with the following properties: for each 
i=1,2  ..... k 
i--1 i--1 
Ai C A -- U Aj ,  Bi C B -- U Bs,  q~-~iA i : B i ,  (12)  
5=0 J=o 
where Pi is the smallest positive integer such that 
m 4;" -- U B n - A >0.  
j=O 
Suppose m(A k - Uj=o As) > 0 and m(B -- Uj=0 Bs) > 0, then we let 
= + (A- + 1 
5=0 5=0 
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where Pk+~ is the smallest positive integer such that 
)=o j=o 
and let 
Bk+l = 4' ~k+lAk~l. 
In this way we can choose inductively two sequences {An ; n = 1, 2,...} 
and {B.,~ ; n = 1, 2,...} satisfying the following properties: 
A D A' = 6 Ai(disj), B ~ B' ~ 6 Bi(disj) 
i=1 i= l  
Ai= r  for i=  1 ,2 ,3  ..... 
We note that it is possible that in the induction process above either 
m(A -- U ~-1 Aj) = 0 or m(B-  U k-1 Bs) = 0 for some k finite. In this j=o j=O 
case, we let Aj B j=O for j=k ,k+l  ..... However, from the 
ergodicity of r it follows that in general either 
or  
m(A -- A') m -- A = 0 
m 0 = 0 
i= l  
This completes the proof  of the lemma. 
THEOREM 2. Let (~ be a measurable non-s&gular transformation 
defined on the finite measure space (X, ~d), m) with re (X)= 1. Suppose 
r is ergodic and satisfies Condition (0)*, then for any set A ~ ~,  
l n--1 
~(A) = lim n ~ m(r 
n~ i=O 
exists and cr is a finite &variant measure equivalent with,m. 
PROOF: Since X is an invariant set, 
g(X) = 5(X)= 1. (13) 
Also, for any set A ~ g we have 
g(A) + g(X - -  A) <~ gO() ~ 5(A) + g(X -- A) <~ 5(X). (14) 
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Therefore, in order to show that 
1 n--1 
~(A) = lim ~ m(~'A) 
n~co n , 
exists for any set A ~ g it is sufficient o show 
_~(A) + ~_(X- A) = g(X), (15) 
since we obtain, combining (13), (14), and (15), g(A) = 5(A) for any 
set A E ~.  
Now let E > 0 be arbitrary. By (10) we can choose a 6 > 0 such that 
re(C) < 3 implies 5 (C)< E. We next choose a set C1 C A such that 
m(Cx) < & This implies 5(C0 < E. Applying Lemma 6 to the sets Ca 
and A - -Ca  we have either Ca~C~ for some set C2CA- - (71  or 
A - -Ca~C'  for some set C 'CCa.  I f  C'  exists we note that 
5(A --  Cx) = 5(C') ~< 6(C1) < E. I f  C2 exists, then applying Lemma 6 
to the sets Ca and A --  (Ca u C2) we have again either Ca ~ Cs for some 
set Cs C A -  (Ca U Cz) or A -  (C 1 k . . )C2)x  Ct for some set C 'C  Ca. 
again, if C'  exists we note that 5 (A -  (Ca u C2) )< r We continue 
in this way inductively. From the fact that 5(X) < 0% it follows that 
we obtain a finite number of  sets Ca, C2 ..... Cr such that A 3 Uj=a Q(disj), 
Ca ~ C~. for j = 2, 3 ..... r, and 5(A - -  (Jj=i Cj) < c. 
We next apply the above procedure starting with the sets Ca and 
A c = X --  A and obtain a finite number of  sets D 1 , De .... , Ds such that 
8 8 
A c D (J#=a D+(disj), CI ~'~ D~., j = 1, 2 ..... s, and 5(A ~ --  [,)#=a D~.) < r 
We let E = (J#=l Cj,  and F = (Jj=i Dj .  We now have, using Lemma 3 
and properties of  g and 5, 
if(A) + g(A *) <~ ~(A w A c) 
= g[E u F t9  (A - -  E) ~9 (A * --  F)] 
<g(EuF)+ 5[ (A - -E )  w(A  c -F ) ]  
<~ q(E) § ~(F) + 5(A -- E) + 5(A ~ -- F) 
~_(A) + ~(A o) + 2~. 
Since E > 0 is arbitrary, we have _cr(A u A *) ---- if(A) + cr(A~), and this 
completes the proof  of the theorem. 
AN APPLICATION TO ERGODIC MEASURE PRESERVING TRANSFORMATIONS 
In this section we use the methods and the results of  the preceding 
section to derive some consequences of  the pointwise ergodic theorem 
in a direct and elementary manner. I f  ~b is an ergodic measure preserving 
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transformation on a finite measure space (X, M, m), then it is well known 
that for any pair of sets A and B in M, 
lim -1 .-1 n~ n ~" m(q~kA ~ B) 
k=0 
exists and equals re(A)m(B)/m(X). In the literature, this fact is usually 
derived as a consequence of either the pointwise or the mean ergodic 
theorem. If  ~ is an ergodic measure preserving transformation on an 
infinite but a-finite measure space, then it is also known that for any pair 
of sets A and B in ~ for which re(A) < oo, m(B) < or, 
lim -1 "-: .~  n Z m(q 5~A n B) 
k=O 
exists and equals 0. This fact is also a consequence of the pointwise 
ergodic theorem and the dominated convergence theorem. In what follows, 
we shall use the methods of the previous section to derive both of these 
results directly without using the pointwise rgodic theorem. 
We shall need the following well-known lemma and state it without 
proof: 
LEMMA 7. Let q~ be an ergodic measure preserving transformation 
defined on a finite or a-finite measure space (X, ~,  m). I f  tz is any other 
finite or a-finite measure on (X, ~)  which is invariant under q~ and is 
absolutely continuous with respect to m, then there exists a non-negative 
constant k such that 
i~(A) = km(A) for all A ~ ~.  
THEOREM 3. Let (~ be an ergodic measure preserving transformation 
defined on a finite or a-finite measure space (X, ~,  m). I f  m(X) -~ 1, 
then for any pair of  sets A and B in ~ we have 
lira 1 n-1 .~  n ~ m(q~iA c~ B) -~ re(A) re(B). 
i=0 
I f  m(X) = ~,  then for any pair of  sets A and B in ~ with m(A) < ~,  
m(B) < ~ we have 
1 n-1 
lira ~ (ffiA n B) = 0. 
n----~co n "~ i=o 
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A~r  
Let us fix a set B in ~ with re(B) < oo. We define, for any 
5B(A) lim sup 1 n-1 - Z m(~ iA nB) ,  
n~o n i=0 
_~(A) = lira inf 1 ,~-1 .~  n Z rn(~ iA n B). 
i=0 
Then it is clear that both 6B and g~ are non-negative and monotone set 
functions defined on ~,  ~TB is subadditive, _~B is superadditive, and 
gB(X) = 6B(X) = re(B). Furthermore, one can show exactly in the same 
way as in Lemma 3 that both 5B and fib satisfy the properties tated in 
that lemma, namely, if C1, C2 .... , Cn are sets in M such that 
C1 ~ C2 ~ "'" ~ C~ and Ci ~ C~ = 0 for i =7(= j, then 
j= l  
and (16) 
9=1 
We now suppose m(X)= 1. Then, r measure preserving implies that 
the sequence of measures {rnn ; n = 1, 2, 3,...} defined by 
m.(A) = m(r c~ B) 
for every set A E M is uniformly absolutely continuous with respect o m; 
therefore, we can apply the same argument as in Lemma 5 to conclude 
that, if 6"1 ~ Cz ~ "" ~ Cn and Ci c~ C~ = 0 for i =/= j, j = 1, 2 ..... n, 
then (16) holds. Since ~ is ergodic, a similar argument as in Theorem 2 
will give 5B(A) = _~B(A), and, therefore, 
(rn(A) = lim 1 ,~-1 .~  n  m(~iA n B) 
i=0 
exists for every A e ~.  Clearly, es is a measure on (X, ~)  which is 
absolutely continuous with respect to m and is invariant under 4. By 
Lemma 7 there exists a constant k such that eB(A) = kin(A) for every 
A E N. In particular rn(B) = orB(X) = krn(X), which implies k = re(B). 
Thus, we have 
1 ~z--1 
lim ~_~ m(r  n B) = m(A) re(B) 
n '--~oo n .=  i2=o 
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for any pair of  sets A, B ~ ~.  This completes the proof  for the case 
m(X)  = 1. 
We now suppose re(X) ~ oo. The argument used in Lemma 5 does 
not apply in this case as it stands. However, we note that for any e > 0 there 
exists a 3 > 0 such that, whenever m(E)< ~, then m(q~'~E n B)< E 
uniformly in n. This follows from the fact that ~ is measure preserving. 
Therefore, a similar arguement as in Lemma 5 will give: if  
C1~C2 . . . . . .  C~, C~nCj :O  
for i =f= L i, j ~ 1, 2 ..... n and re(C1) ~- re(C2) . . . . .  rn(C~) .< 0% then 
(16) holds. Now let A be a set with m(A) < oo. From the ergodicity of 
we obtain, using Lemma 6, that, if  C is a set such that A r~ C ---- 0 and 
m(C) = m(A), then C ~ A. Since m(A) < co and m(X) = 0% it is clear 
that there exists a sequence of  sets {C~ J i ---- 1, 2,...} such that C~ n A - -  0, 
Ci n C~----0 for i =/= j ,  and m(Ci) = m(A) for i = 1, 2 . . . . .  Therefore, 
by the above remark C~ --~ A for i - -  1, 2 .... ; in particular, C~ ~,  C~ for 
i, j = 1, 2 .. . . .  We then have, using (16), that  for any posit ive integer n, 
5=1 
= ~(A) -~ ~ cTB(C~) 
]=1 
= (n + 1) OB(A). 
This implies _~B(A) = 5,(A) ---- 0. Thus, we obtain for any pair  of  sets 
A, B with m(A) .< o% m(B) < oo, 
l ira ~ m(~A n B) = O. 
~-0 
This completes the proof  of the theorem. 
Let ~b be an ergodic measure preserving transformation on a finite 
measure space, (X, ~ ,  m) with m(X)= 1. We remark that, once it is 
shown that 
l im 1 ~-1 ,~  n Z m(~ ~A n B) = m(A) m(B) 
k=0 
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for any pair of sets A and B in &, then by using standard approximat ion 
arguments one can prove easily the mean ergodic theorem for 4: namely, 
for every f in LI(X, ~ ,  m) 
1 n--i 
n ~of(r -- f f dm -+ 0 as n--~ oo, 
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